Long memory in the sense of slowly decaying autocorrelations is a stylized fact in many time series from economics and finance. The fractionally integrated process is the workhorse model for the analysis of these time series. Nevertheless, there is mixed evidence in the literature concerning its usefulness for forecasting and how forecasting based on it should be implemented.
Regarding the implementation of forecasting methods based on fractional integration, we use simulations to compare local and global semiparametric and parametric estimators of the long memory parameter from the Whittle family and provide asymptotic theory backed up by simulations to compare different mean estimators. Both of these analyses lead to new results, which are also of interest outside the realm of forecasting.
Introduction
Long memory or strong persistence are considered as stylized facts in many time series from economics and finance. The strong persistence characterized by slowly decaying autocorrelations on the one hand makes modeling and subsequent estimation hard for these series. Fractional integration [FI] of order d is the most widely used model to capture strong persistence and long memory. Estimated values of d vary between 0 and 1, with d = 1/2 separating the reign of stationarity from nonstationarity. FI thus offers a lot of flexibility in modeling persistence. This is a virtue and a burden at the same time since the estimation of d is notoriously difficult and troubled by large variances of slowly converging semiparametric estimators. On the other hand, the strong persistence in these series makes promises with regard to their forecastability. The past of long memory time series contains more information about their future compared to less persistent series, which can be exploited to produce high quality forecasts even for quite long forecasting horizons if the above-mentioned problems can be overcome. 1 Driven by the empirical relevance and the theoretical challenges in modeling and estimation a large literature on long memory time series and FI has emerged since the seminal work by Granger and Joyeux (1980) and Geweke and Porter-Hudak (1983) , with one major motivation being forecasting. Nevertheless, there is a lot of mixed evidence in the literature focusing explicitly on forecasting under long memory and many open questions remain, which we try to shed light on in this paper. Before taking a look at these unresolved issues, we shortly review the related literature.
Early simulation-based evidence on forecasting under long memory is provided by Ray (1993) and Crato and Ray (1996) . They examine the usefulness of stationary autoregressive fractionally integrated moving average [ARFIMA] models for forecasting compared to autoregressions of large order, so-called long autoregressions [LARs] . In their simulations, they find inferior or at most equal predictive performance of the ARFIMA models, which they attribute to the difficulties in model selection and estimation of the long memory parameter d, and thus question the usefulness of these models for prediction. Smith and Yadav (1994) analyze the effects of using ARIMA(p,1,q) models for forecasting nonstationary ARFIMA models with d ranging from 0.7 to 1.3. They conclude that the losses from overdifferencing are minor, even though they do not account for the estimation uncertainty from the estimation of d, while underdifferencing can lead to more substantial losses. Brodsky and Hurvich (1999) demonstrate that FI models are superior in forecasting long memory time series compared to ARMA(1,1) models. Bhardwaj and Swanson (2006) report gains in predictive performance when using FI models compared to a number of short memory competitors for medium sample sizes. For larger sample sizes, these gains are reported to grow substantially.
Concerning empirical evidence, again Bhardwaj and Swanson (2006) report predictive superiority of FI models for financial data, but less clear-cut evidence for macroeconomic data. They attribute this finding mainly to the much larger sample sizes in finance, which lead to a more precise estimation of the long memory parameter. Furthermore, since Andersen et al. (2003) FI models are widely used in realized volatility modeling and forecasting, see e.g. the special issue in Econometric Reviews edited by Maasoumi and McAleer (2008) or Proietti (2016) for a more recent example, and several papers analyze their performance compared to short memory competitors, see Hansen and Lunde (2011) for an overview. The evidence is mixed as some authors claim equal predictive ability of short memory alternatives like the Heterogeneous Autoregressive model [HAR] by Corsi (2009) ; see also Baillie et al. (2019) for recent evidence on the roles of the FI and the HAR model for modeling realized volatility.
Given the state of the literature on forecasting under long memory, several open issues remain: As the short review shows, a central question around which the literature has been circling in the past 20 years by providing evidence in both directions is the following: Does using long memory models when forecasting time series that exhibit strong persistence improve predictive performance or do simple short memory alternatives perform at least as well? Our first contribution lies in providing new evidence to answer this question: In systematic forecasting experiments using classical examples of strongly persistent time series from macroeconomics and finance, namely inflation and realized volatility, as well as simulated series, we find that FI models outperform a wide range of competing methods, including autoregressive [AR] models, exponential smoothing [ES] methods and for the realized volatility series also the HAR model. We come up with the idea of using a fixed-d FI model with d = 0.5, which almost uniformly outperforms all non-FI competitors and, even for large sample sizes, shows a comparable performance to FI models with estimated d. Under certain practically relevant circumstances like small estimation samples and more persistent short memory components, we find substantial gains of the fixed-d method, which increase with the forecasting horizon. Picking d = 0.5 is a natural choice at the border of nonstationarity and somehow in the middle between the classical I(0) and I(1) paradigms, robustifying the forecasting process against strong persistence and not being troubled with the estimation of the exact value of d. These surprising results do not only equip us with a simple and successful method for forecasting under long memory, but also provide an explanation for the mixed evidence formerly reported in the literature: Our analysis suggests that when the task is to forecast a strongly persistent time series, the inclusion of a long memory component into the used model is beneficial under all examined circumstances, e.g. over all sample sizes and forecasting horizons. However, FI models with estimated d may sometimes be outperformed by AR models in small and medium-sized samples as parts of the literature report. This may be caused by a bad specification of the forecasting method with e.g. an unfavorable estimator of the long memory parameter d or an inappropriate bandwidth choice for an otherwise well-suited semiparametric estimator. But even if a sensible specification is used this will happen due the fundamentally high uncertainty plaguing the estimation of d.
As our second contribution we analyze how to exactly construct good forecasts using FI models. Naturally, this becomes relevant after having provided evidence that FI models are useful in forecasting strongly persistent time series, but of course has to be answered in the first place to even establish this evidence. We focus on three crucial aspects here. The first one is the estimation of d. Because of the inherent difficulty of this task, there is a large literature on it and an ongoing debate, by which applied researchers or forecasting professionals can easily be overwhelmed. We carry out a simulation study to compare parametric, local and global semiparametric estimation methods, focusing on the representatives from the Whittle family of estimators since they have favorable theoretical properties and show a good practical performance in general. For the parametric Whittle estimator we use Akaike's information criterion [AIC] to select a model and make the estimator feasible. We find quite dramatic losses of the parametric and the global semiparametric estimators compared to the local Whittle, which we can trace back to the bad performance of the Whittle estimator even under small amounts of misspecification. Consequently, we use the local Whittle estimator with different ad hoc bandwidth choices for our forecasting experiments. The second aspect is the estimation of the mean, which is usually not even mentioned in the long memory forecasting literature, even though it is well known that this is a hard task under strong persistence. We compare the arithmetic mean to the estimators proposed by Robinson (1994) and Shimotsu (2010) through a simulation study and find that the estimator of Robinson performs best. To the best of our knowledge, the theoretical properties of Robinson's estimator have not been analyzed before. We provide asymptotic theory, which shows that substantial efficiency gains can be made, explaining our simulation results. The third aspect concerns the following question: How much past information should be optimally used for estimating the model used for forecasting? While earlier work as e.g. Bhardwaj and Swanson (2006) implicitly or explicitly assumes that the complete available past of the series of interest should be used because of the decreased estimation uncertainty, we find that this is not necessarily the case (see also Pesaran and Timmermann (2007) ): Our empirical results suggest that a medium-sized rolling forecasting window seems to yield the best forecasting performance, balancing out decreased estimation uncertainty and ongoing gradual structural change optimally.
As outlined in the previous paragraph, the third contribution of this paper is to provide new results of interest also outside the realm of forecasting concerning the estimation of the long memory parameter and the mean under long memory.
The rest of the paper is structured as follows: In the next section we review the classical approach to modeling strong persistence, namely fractional integration. In the third section, the estimation of the long memory parameter is treated, while the fourth section deals with the estimation of the mean. In the fifth section, we describe the forecasting methods, i.e. on the one hand how we specifically implement forecasting with FI models based on the evidence from the previous two sections, and on the other hand what the competing methods are and why we use them. The sixth and the seventh section contain the results from the empirical and simulation-based forecasting experiments and finally, the eighth section concludes.
Modeling long memory
The term strong persistence is used to describe processes, where the more distant past of the process still strongly influences the present, i.e. where the autocorrelation function dies out very slowly. Formally, this can be characterized by the autocovariance function γ (which is defined as γ(h) = E [(y t − µ) (y t+h − µ)] for a process {y t } with mean µ) not being summable,
or equivalently by the long run variance ω 2 = ∞ h=−∞ γ(h) not being finite. We will use the terms strong persistence and long memory interchangeably here since a distinction between the two only gets relevant for antipersistent processes, see Hassler (2019) .
The most widely used model for strong persistence or long memory is fractional integration of order d. We briefly recap the fractionally integrated process {y t } of order d, for short y t ∼ I(d), which relies on the fractional integration operator ∆ −d with the usual binomial expansion in terms of the lag operator L and a short memory input process {x t } defined properly below:
A recent discussion of the sequence {π j (−d)} is contained in (Hassler, 2019, Sect. 5.3) . In particular, the coefficients die out as j d−1 /Γ(d) and are hence not summable for d > 0. This causes long memory in that the autocovariances of {y t } at lag h converge to zero at rate h 2d−1 and hence are not summable, too. This strength of persistence is sometimes also measured by the rate at which the variance of the cumulated process grows: Var( T t=1 y t ) diverges with T 2d+1 . For these properties to hold true, the input sequence {x t } has to meet certain requirements. We collect them in the following assumption. Assumption 1 Let {x t } be a covariance-stationary process with
The process {x t } is called integrated of order zero, for short x t ∼ I(0). The restriction c(1) = 0 implies that the data is not overdifferenced. Consequently, the long-run variance is finite and positive:
All stationary and invertible ARMA processes meet Assumption 1 and it further holds that Var( T t=1 x t ) grows at rate T . The inverse filter, the fractional differencing filter,
removes the persistence or long memory from the FI process: ∆ d y t = x t . Note that the mean is removed as well by fractional differencing, ∆ d µ = 0, because ∞ j=0 π j (d) = 0 holds. The stationary FI process from (1) is often called of type I since the work by Marinucci and Robinson (1999) ; a truncated version that becomes stationary only asymptotically is called type II. The truncation assumes zero values before t = 1. We assume such a truncated model instead of (1). The truncated filter becomes
where 1 (t>0) is the usual indicator function:
Truncated fractional differencing and integration has been discussed more formally e.g. by Johansen (2008) . Note that a truncated filter also allows to define truely nonstationary FI processes, i.e. that for the process
d is unrestricted, in particular d ≥ 1 2 is not ruled out. This is important as we do not want to rule out nonstationary processes when it comes to forecasting.
Being equipped with a model that can be employed when forecasting under strong persistence, the issues of how to estimate the long memory parameter d and the mean µ come up naturally. These will be discussed in the next two sections.
Estimating the memory parameter
Due to the inherent difficulties in estimating the long memory parameter d there is a large literature on this topic. A natural first choice for an estimator is of course the exact maximum likelihood [ML] estimator (see e.g. Dahlhaus (1989) and Dahlhaus (2006) ), which unfortunately has several deficiencies in this context, including its restriction to the stationary region, the required gaussianity assumption and the need for estimating the mean. The first two problems can be overcome by the conditional sum of squares estimator (see e.g. Beran (1995) , Hualde and Robinson (2011) or Nielsen (2015) ), which is a time domain approximation to exact ML, while the Whittle estimator (see e.g. Fox and Taqqu (1986) or Velasco and Robinson (2000) ) additionally solves the third problem, being a frequency domain approximation, which makes estimation of the mean unnecessary. Nevertheless, all of these estimators require the full specification of the whole model.
As assuming knowledge of the full model might be quite heroic, semiparametric estimators have been proposed as an alternative to these fully parametric estimators. The most popular class of semiparametric estimators are local or narrowband estimators, which only use frequency domain information, i.e. the periodogram, in a vicinity of the origin, where the long memory component of the process dominates. They consequently only estimate the long memory parameter d and not all the parameters of a fully specified model. The Geweke Porter Hudak [GPH] estimator (see e.g. Geweke and Porter-Hudak (1983) and Hurvich et al. (1998) ) and the local Whittle [LW] estimator (see e.g. Künsch (1987) and Robinson (1995) ) and some of its variants as the most prominent representatives of this class are settled in the frequency domain and thus do not require estimation of the mean, too. While the GPH estimator follows a simple idea and is very easy to implement, the LW estimator does not require a normality assumption and is more efficient. For these estimators, a bandwidth m has to be chosen, balancing a high variance caused by staying too close to the origin and using too little information and a bias induced by the contamination of the estimation through the short memory component of the process. As data-driven bandwidth selection does not work well in practice (see e.g. Hurvich and Deo (1999) , Henry (2001) or Andrews and Guggenberger (2003) ), ad hoc bandwidth choices as a function of the sample size T are often used. We will also follow this road. For example, the bandwidth for the LW estimator is usually chosen as m = O(T α ) with 0 < α < 1. Besides the choice of the bandwidth, the price to pay for the local semiparametric estimators is a slower rate of decay of the asymptotic variance of O( 1 m ) compared to O( 1 T ) for the parametric estimators. For example, the approximate variance of the local Whittle estimator is 1 4m . Regarding finite sample performance of the estimators, Nielsen and Frederiksen (2005) performed a systematic comparison within the classes of parametric and local semiparametric estimators through simulations. From the parametric estimators they recommend the use of the Whittle estimator as it clearly dominates its time domain competitors. For the semiparametric estimators, they find that the local Whittle estimator and some of its variants as for example the local polynomial Whittle (see Andrews and Sun (2004) ) outperform the GPH estimator and its variants.
So-called global or broadband semiparametric estimators represent an alternative to the other two classes. As their name suggests, they use information over the whole frequency range, but their semiparametric nature comes in through the approximation of the short memory component via a certain parametric model of an order which is growing with the sample size. The global semiparametric Whittle [GSW] estimator proposed by Bhansali et al. (2006) uses an AR(p) model here, while an alternative global estimator works with a log-periodogram regression of a fractional exponential model (see Moulines and Soulier (1999) , Moulines and Soulier (2000) and Hurvich and Brodsky (2001) ). These estimators have the nice property that their asymptotic variance decays with a faster rate than the one of the semiparametric estimators. For example, the GSW has an approximate variance of p T , where p = O(log(T )) has been recommended. Nevertheless, a closer comparison of the approximate variances of the two classes of estimators reveals a different picture in finite samples. Figure 1 shows the efficiency of the LW relative to the GSW estimator, where the widely used choice m = T 0.65 for the bandwidth and the recommended choice p = log(T ) for the lag length are picked. Thus, for all reasonable sample sizes, the uncertainty associated with the local Whittle estimator is considerably smaller. To the best of our knowledge, the finite sample performance of global semiparametric estimators has not been systematically analyzed yet. For more details on the estimators and their properties see e.g. Beran et al. (2013) or Hassler (2019) and further references therein. When it comes to forecasting specifically, a wide array of different estimators have been used in literature. There seems to be no consensus on which estimator to use, on the contrary, there is an ongoing debate. Baillie et al. (2012) advocate the use of the maximum likelihood estimator, which they compare to the local Whittle. In a comment to this Arteche (2012) stresses that their results are unsurprising as they compared the performance of a parametric and a semiparametric estimator under a known model and did not really touch upon the issues of model misspecification and model selection.
Arising from the above considerations are three basic types of feasible estimators: Locally semiparametric estimators, globally semiparametric estimators and parametric estimators plus a model selection step. Unfortunately, we are not aware of any work that compares these three types of estimation procedures or two of them. To do this, the model selection step for the parametric estimators or at least an analysis of the consequences of model mis-specification would have to be included. Furthermore, we are not aware of any analysis of the finite sample performance of global semiparametric estimators. To clarify these open issues before choosing estimators for forecasting, we perform a small simulation study. As touched upon above, the Whittle and the local Whittle estimator are favorable in terms of theoretical properties and finite sample performance within the classes of parametric and local semiparametric estimators respectively. Consequently, we use these two as representatives of the respective classes. 2 As the global semiparametric Whittle estimator is theoretically more appealing than the log-periodogram regression of the fractional exponential model, i.e. being more efficient and not needing a normality assumption, and as there are no studies concerning their finite sample performance, we use the GSW as a representative of the global semiparametric estimators in our study.
Even though consistency and limiting normality for the GSW estimator have only been established for the stationary region and under a restricted optimization window using a pre-estimator, we do not use this restriction and a pre-estimator since this would exclude the nonstationary region, which is not practical. The remaining procedure is very simple: An ARFI(p,d) model is used, where p = log(T ) and then the Whittle objective function is minimized to estimate d. The procedure for the Whittle estimator is very similar: We again assume an ARFI(p,d) model, pick p by Akaike's information criterion 3 (see Beran et al. (1998) ) and then estimate d by minimizing the respective Whittle objective function. We use the AIC instead of alternative selection criteria as it is the usual choice in a forecasting context. For the local Whittle estimator, we pick the bandwidth as m = T α with α ∈ {0.5, 0.65, 0.8}, which is standard in the literature.
As data generating processes we use FI(d) processes of type II, i.e. generated from model (3), with two different values of d, d ∈ {0.4, 0.7}, and three different input processes for {x t } from Assumption 1 with increasing persistence. We measure their degree of persistence by the variance ratio of long-run variance to variance, V R = ω 2 x /γ x (0). For standard normal iid innovations {ε t }, the models are
In Table 1 we present the mean squared errors (MSEs) for d = 0.4 using 1000 repetitions from estimating d with the local Whittle estimator with bandwidth m = T α [LW (T α )], the global semiparametric Whittle estimator and the Whittle estimator plus AIC [W(AIC)]. For comparison we also present the Whittle estimator for ARFI(p, d) models for different values of p fixed a priori [W(p = p * )]. We report results for four different sample sizes T ∈ {60, 300, 1500, 7500}. The smallest MSE in each row is marked in bold face. Table 1 . MSEs of different estimators for d for simulated FI(0.4) processes with short memory component x t and sample size T , 1000 repetitions As expected, for the iid short memory component the correctly specified Whittle estimator with p = 0 performs best. The local Whittle is clearly the best of the feasible estimators, irrespective of the bandwidth choice. Nevertheless, a larger bandwidth is of course a better choice in this case as there are no short memory dynamics, which could cause a bias. Very surprising at the first glance are the extremely bad results of the Whittle estimator plus AIC and the global semiparametric Whittle estimator. Only for T = 7500 their MSEs have the same order of magnitude as the ones of the local Whittle estimators. For the more persistent short memory components the same picture emerges regarding the comparison of the three feasible estimators. For the local Whittle estimator the smaller bandwidth choices lead to improvements due to the increased short memory dynamics. A look at the last four columns of the table helps to understand why the Whittle estimator plus AIC and the global semiparametric Whittle estimator perform so badly. This seems to be caused by the drastic drop in performance of the Whittle estimator under even slight misspecification. For example if the model order is picked as 1 instead of 0 or 0 instead of 1, the accuracy most often drops below the one of the local Whittle estimator. For larger magnitudes of misspecification, the accuracy continues to decrease strongly. 4 Thus, as the AIC or the deterministic order choice by the global semiparametric Whittle estimator often do not pick exactly the correct model, this slight misspecification in combination with the bad performance of the Whittle estimator under slight misspecification lead to these results. Table 2 . MSEs of different estimators for d for simulated FI(0.7) processes with short memory component x t and sample size T , 1000 repetitions For different strengths of long memory the conclusions do not change as can be seen from Table 2 , which contains the results for nonstationary FI processes with d = 0.7.
The results of our simulation study suggest that global semiparametric estimators and parametric estimators with the prior use of a model selection criterion should be used with care. Only for very large sample sizes a reasonable performance can be expected. It is a safer choice to stick with a local semiparametric estimator like the local Whittle, which we will do throughout the rest of the paper.
Estimating the mean
Estimating the mean is naturally quite difficult under strong persistence since long trending spells of the time series away from its mean are common. This is reflected in the behavior of the sample mean y = T −1 T t=1 y t . From the behavior of Var( t y t ) given above, it is clear that y converges all the more slowly to µ the longer the memory is, see Samarov and Taqqu (1988) . To see if improvements over y are possible, in this section we analyze the behavior of the alternative mean estimators proposed by Robinson (1994) and Shimotsu (2010) theoretically as well as through simulations.
Note that an application of the truncated fractional difference filter to (3) results in a time-varying mean:
This suggests to follow the proposal by Robinson (1994) and to regress the filtered data ∆ d + y t on the variable r t to determine µ by ordinary least squares [OLS] from (4). Such an estimation is justified by the maximum likelihood principle if {x t } is normal white noise. Robinson (1994) establishes that removing r t µ does not affect the limiting distribution of his subsequent test. It seems that a comparison of this estimator with the arithmetic mean has never been carried out.
First, we determine the limiting variance under stationarity (more precisely: under d < 1/2) in order to evaluate the efficiency.
Proposition 1 Assume Assumption 1 in model (4) for 0 < d < 1/2. It then holds that
Proof See Appendix.
The same rate applies for the arithmetic mean. Under mildly stronger assumptions (Tanaka, 1999, Coro. 2 .3) found that
see also (Marinucci and Robinson, 2000, Thm. 1) . Let us define as relative efficiency
.
The graph of this function in Figure 2 shows that there is plenty of room for efficiency gains over the arithmetic mean for larger values of d, at least asymptotically. Note that this result, which is obtained under the assumption of a type II process, which is often argued to be more realistic and better suited for empirical analysis, see e.g. Johansen and Nielsen (2016) , is very different from the result for type I processes obtained by Adenstedt (1974) , where hardly any efficiency gains over the arithmetic mean are possible, see Samarov and Taqqu 1988) . Furthermore, note that µ is a function of d, µ = µ(d), since the filter ∆ d + depends on d. A preliminary estimation d is required to construct a feasible estimator µ( d).
Next, we turn to the nonstationary case. It is clear that the sample mean diverges for d ≥ 1/2: In fact, we know from Marinucci and Robinson (2000, Thm. 1) that Var(y) diverges with T 2d−1 for d > 1/2. Note that the variance of µ from Proposition 1 also vanishes only under d < 1/2. For nonstationary fractionally integrated processes the estimator is, however, still defined, and its variance is
For d > 1/2 the regressors r t converge to zero so quickly that T t=1 r 2 t remains finite for growing T and µ is not estimated consistently, but, contrary to y, the estimator at least has a finite variance. Shimotsu (2010) considered the starting value as an estimator under nonstationarity, µ = y 1 with µ − µ = x 1 . Note that µ(1) = µ. For general d, the ratio of the variances of these two estimators is
If {x t } was white noise, then Var( µ(d))/Var( µ) = 1/ T t=1 r 2 t ≤ 1, but under serial correlation of {x t } it is not clear which estimator is more precise. The full proposal of Shimotsu is to use the arithmetic mean, the starting value or a linear combination of both, depending on the value of d:
A feasible version of this estimator µ( d) also requires a preliminary estimation of the long memory parameter.
To assess how the theoretical findings concerning these three estimators carry over to practical performance and how the feasible estimators work, we conducted a simulation study. For the estimation of d we used the local Whittle estimator with bandwidth m = T 0.65 . As data generating processes, we used again FI(d) processes, i.e. model (3), with the same three short memory input processes {x t } with increasing persistence as before. We used three different values of d, namely d ∈ {0.2, 0.4, 0.6}, and as sample sizes we used again T ∈ {60, 300, 1500, 7500}. Table 3 presents the MSEs over 10000 repetitions, where at each instance the estimator with the smallest MSE is marked in bold face again. Overall, the estimator proposed by Robinson dominates the other two, while Shimotsu's estimator usually shows the second best performance and the arithmetic mean the worst. The gains over the arithmetic mean can be quite large and are rising with d and with the persistence of the short memory component. Only for d = 0.2 and the smaller sample sizes the arithmetic mean outperforms the other two estimators. But in general, it seems to be worth to accept the increased uncertainty coming with the estimation of d in the first step of the feasible estimators to overall get a more precise estimate of the mean.
Hence, we will work with µ(d) for a given d and with µ( d) for estimated d in the next sections when it comes to forecasting real and simulated series using FI models since this estimator is consistent for d < 1/2, has a finite variance for larger orders of integration and shows a good performance in our simulations. An alternative strategy would be to ignore the mean and simply work with ∆ d
Clearly, this cannot be recommended since ∆ d + 1 = t−1 j=0 π j (d) for small d converges very slowly with t getting large.
Forecasting methods
In this section we present in detail how we use the FI model to construct forecasting methods for strongly dependent time series and we describe the relevant competing methods, which do not employ long memory models. We assume a stretch of data of size T , y 1 , . . . , y T , used to forecast h steps ahead: y T +h . We use methods that explicitly account for long memory in that they (try to) remove the strong persistence from the series by filtering with a fractional difference filter, forecast the filtered data, and then recolor these forecasts by applying the fractional integration filter. Because of the findings from the previous section, the mean is accounted for from the filtered data by Robinson's method. With model (4) in mind we hence proceed as follows for a given d. Compute ∆ d + y t in order to estimate µ, and save the residuals:
They are fed into an autoregression on p lags to account for short memory in {x t }, where p is determined by Akaike's information criterion, AIC: 5
The autoregressive scheme is then used to recursively forecast h steps ahead: 6
Finally, forecasts of the original sequence are given by
Because of ∆ −d + ∆ d + = 1 (t>0) , this two-step procedure is equivalent to computing the recursion
which is also often applied when forecasting with FI models. Before the fractional differencing filter ∆ d + can be applied, a value of d has to be chosen. The estimation of the long memory parameter has been discussed in the third section. Resulting from our analysis of the different estimators there, we use the local Whittle estimator with bandwidth m that we pick as m = T α with α ∈ {0.5, 0.65, 0.8} (In the tables throughout the next two chapters this method is abbreviated by FI(T α )). We use three different bandwidth choices to analyze if the forecasting performance strongly depends on the bandwidth.
Even though the local Whittle estimator yields good estimation results compared to other estimators, it still has a high variance due to the inherent difficulty of estimating the long memory parameter. Motivated by this, we propose the unorthodox method of using a fixed long memory component in the forecasting method, i.e. a FI model with an a priori fixed parameter d, to circumvent the estimation problem. A natural choice here is to set d = 0.5 as this is the border to nonstationarity and somehow the middle between the classical I(0) and I(1) paradigms. Furthermore, the dynamics of many economic time series are believed to lie somewhere close to the borderline between stationarity and nonstationarity. The exact choice of d does probably not matter too much anyway -as long as it is not as far away from the truth as the outcomes of classical long memory estimators may often be -since the flexible short memory component in form of the AR model may adapt to the fixed long memory component to a certain degree. Thus, using a FI(0.5) model within the forecasting method (which will also be abbreviated by FI(0.5)) may be a good middle ground, robustifying the forecasting procedure against strong persistence by being able to account for slowly decaying autocorrelations, but not running into problems with the very volatile long memory estimators.
One classical competitor of the true fractionally integrated model is its special case from the I(1) world, at which we arrive by setting d = 1. The FI(1) model, which is an ARI(p,1) model when using the method described above, plays an important role in modeling and forecasting economic time series since the seminal work by Nelson and Plosser (1982) and is thus a relevant competitor, appearing in the long memory forecasting literature since Smith and Yadav (1994) . Another FI(1) model that is a classical benchmark and a sanity check is the no change forecast, y T +h = y T , arising from a random walk, which we also included in our experiments. As it was dominated by the other procedures, we do not report its results in the tables throughout the rest of the paper.
The fiercest competitor from the literature is certainly the autoregressive model. Since Ray (1993) , it has been repeatedly argued that modeling fractional integration does not provide better forecasts than simply fitting an autoregression, in this context often called long autoregression. The autoregression (now with intercept) of the unfiltered series (as we are in the special case of a FI(0) model) builds again on a lag length p determined by AIC:
Autoregressions are the classical benchmark in forecasting economic time series, being simple and at the same time very hard to beat, see e.g. Stock and Watson (1998) . For forecasting under long memory this competitor is even more relevant due to the repeated empirical and simulation-based claims that forecasts based on LAR models would be superior to forecasts based on FI models and even theoretical claims that they would be able to capture true long memory. For a clarification and a recent theoretical underpinning of the latter see Demetrescu and Hassler (2016) . As a simplification of the LAR model without the need of selecting a lag length, an often used benchmark is the AR(1) model, which we also included in our experiments. As it is dominated by the other procedures, we refrain from reporting its results, too.
Besides the autoregressive forecasts, the second dominant benchmark method used in the general forecasting literature is exponential smoothing. It is known to perform well as a highly flexible general-purpose forecasting method for a wide variety of situations, see e.g. De Gooijer and Hyndman (2006) . Some theoretical work has provided a solid foundations for the method in form of state space models (see Hyndman et al. (2002) ) as well as demonstrated that exponential smoothing arises as the optimal method in certain highly relevant situations, for example under certain forms of structural change, see e.g. Clements and Hendry (2006) and Pesaran et al. (2013) . Thus, we also include exponential smoothing in our forecasting experiments even though it has traditionally not been used in the long memory forecasting literature. 7 Finally, we also used the arithmetic mean, y T +h = y, as a standard benchmark and sanity check and to get an idea up to which forecasting horizon the forecasts from the other methods contain valuable information.
Empirical evidence
In this section we present the results of systematic pseudo-out-of-sample [POOS] forecasting experiments on real time series with the methods described in the previous section to assess their predictive performance. We use inflation and realized volatility series as these are classical examples of real-world long memory time series from economics and finance. We present robustness checks in several directions, changing amongst others the time period and the country. Finally, we also assess the effect of the estimation window size and compare rolling to expanding window forecasts.
Inflation
Inflation is the classical example of a macroeconomic variable exhibiting long memory. Since Hassler and Wolters (1995) and Baillie et al. (1996) many papers have analyzed inflation time series using long memory models. Surprisingly, in the long memory forecasting literature, there is not much work on inflation forecasting.
Firstly, we use monthly year-on-year US consumer price inflation. 8 The series spans from January 1948 to November 2017 and is shown in part (a) of Figure 3 . The autocorrelogram of the series shown in part (b) of this figure decays very slowly as is characteristic for long memory time series. We ran a pseudo-out-of-sample forecasting experiment with a rolling estimation window of size 180 for six different forecasting horizons h ∈ {1, 3, 6, 12, 24, 48}. The predictive performance of the competing methods is measured by the mean squared forecast error. In Table 4 , we report relative mean squared forecast errors in relation to the method based on the FI(0.5) model. The smallest relative mean squared error is marked in bold face, the second smallest in italics.
Regarding the results, a first striking observation is that the FI(0.5) method uniformly outperforms all methods based on short memory models over all horizons. From these short memory methods only LAR shows a reasonable performance with losses between 2 and 17 percent compared to FI(0.5), which are increasing with the forecasting horizon. This suggests that modeling long memory explicitly when forecasting under long memory seems to be beneficial even in this very simple form of a fixed long memory component. Furthermore, when forecasting further into the future, this seems to become more and more important.
A second striking and at first rather surprising observation concerns the performance of the methods based on a FI model with estimated d: Even though we have taken great care in choosing a well-performing estimator compared to the existing alternatives with the local Whittle, the FI(0.5) method again almost uniformly outperforms FI(T 0.5 ), FI(T 0.65 ) and FI(T 0.8 ). Thus, irrespective of the choice of the bandwidth, here the fixed-d method is clearly superior to the methods with estimated long memory component and the gap widens with increasing forecasting horizon. The latter observation will be analyzed in detail in the next section with the help of simulations. As discussed in the previous section, including a fixed long memory part in a forecasting method could thus provide a good way to robustify against long memory, while not being plagued by the problems usually arising when one tries to estimate the exact strength of the memory. Although we have chosen d = 0.5, picking any value between 0 and 1 for d is of course possible and can lead to improvements upon the limiting cases LAR and FI(1), which both perform already quite well. Thirdly, looking further at the performance of the estimated-d long memory methods, they perform better than the best short memory method, i.e. LAR, irrespective of the bandwidth chosen. The only exception is the very large forecast horizon h = 48, where their performance strongly drops off. Comparing the three different bandwidth choices no pattern emerges which would indicate an optimal bandwidth choice here, even though the performance clearly varies with the bandwidth. This indicates that choosing a bandwidth here is indeed a difficult task.
To find out whether these observations continue to hold more generally, we first take a look at several robustness checks, then move on to another type of time series, namely financial time series in the form of realized volatility, and finally use simulated series, too. We executed robustness checks in several directions, starting with a shorter time span of the original inflation series, then switching from year-on-year to month-on-month inflation and finally changing the country, looking at German inflation. Furthermore, at the end of this section we look at an analysis of the effects of the size of the rolling window and of the use of an expanding window. Table 5 includes the results for the shortened series starting from 1970 to analyze the effects of the specific time period used. Qualitatively nothing changes and all observations from above continue to hold. In the next step we change the definition of inflation and look at annualized monthon-month inflation from January 1948 to November 2017. 9 Naturally, month-on-month inflation is much more volatile and less persistent than year-on-year inflation, which is visible in Figure 4 . Despite the quite different characteristics of the series, the pseudo-out-ofsample forecasting results presented in Table 6 are very similar: FI(0.5) is still clearly the best method, even though the methods with estimated d now perform better than before. Furthermore, exponential smoothing now performs much better than before even though still not better than the long autoregression or the long memory methods.
To check robustness with respect to the country, we use German year-on-year inflation, 10 which is depicted in Figure 5 . The results reported in Table 7 are What is different here is that the LAR method performs better than the FI(T α ) methods. Such a behavior could explain the mixed evidence reported in the literature concerning the usefulness of the FI model for forecasting: Due to the high uncertainty in estimating d, here the LAR method seems to be superior to the long memory methods if we only look at the ones with estimated d. But by using the fixed-d method, we can resolve this issue as we clearly see that modeling the long memory explicitly without having to estimate its strength leads to improved forecasting results.
Realized Volatility
Another area where many time series show long memory characteristics and the FI model is widely used is finance. A prime example of long memory time series in this field are return volatility series. Since the rise of high frequency data in finance and the introduction of realized volatility measures (see e.g. Andersen and Bollerslev (1998) or Andersen et al. (2001) ), the latter are widely used in financial volatility forecasting, being more accurate measures of volatility and better proxies of unobserved conditional variances than squared returns (see e.g. Hansen and Lunde (2011) ). FI models are natural candidates for forecasting realized volatility and since Andersen et al. (2003) have often been applied for that purpose and compared to the performance of competing methods (see again Hansen and Lunde (2011) for a literature overview). A model that is also widely employed in forecasting realized volatility is the HAR model by Corsi (2009) . The idea behind the model is that different volatility components arise over different time horizons (trading days, weeks and months) due to different types of market participants and their trading behavior. Being just a restricted AR model, it is very simple and shows a good forecasting performance and has thus become a workhorse model for volatility forecasting. Consequently, we add it as a very important competitor to the forecasting experiments for realized volatility.
A standard way to measure realized volatility is to use the five-minute sub-sampled realized variance, σ 2 t , or its square root, σ t , respectively (for details see e.g. Shephard and Sheppard (2010)). To reduce skewness and kurtosis, usually logs of this measure are taken. We follow these conventions and use the logs of the square root of the five-minute subsampled realized variance, log( σ t ), of the S&P 500 from January 2000 to September 2018 and execute a pseudo-out-of-sample forecasting experiment with a rolling window of size 500 on it. 12 The series and its autocorrelogram are depicted in Figure 6 . The extremely slowly decaying autocorrelation function clearly indicates long memory. Although, apart from that, its characteristics are quite different from the inflation series, the results shown in Table 8 are very similar: The short memory methods are uniformly outperformed by FI(0.5) and the gap tends to get bigger with the forecasting horizon. Now, the forecasts based on the HAR model are the best forecasts based on a short memory model, showing a decent performance, especially for short horizons. With regards to the long memory methods, here the procedures with estimated d show slight improvements of up to two percent over FI(0.5). This difference compared to the inflation experiments may be due to the now less complicated dynamics of the underlying short memory process, which makes the estimation of d easier. More light will be shed on this question through the simulations in the next section.
To check robustness with respect to the time period and especially to the financial crisis, we also executed the analysis on the latter part of the series starting in 2012. As the results in Table 9 show, no large changes occur. Now, there are virtually no differences between the FI (T α ) methods and FI(0.5) and HAR performs a little worse than before.
We also changed the country and used the respective series for the DAX, again from January 2000 to September 2018. It is plotted in Figure 7 together with its autocorrelation function, which looks very similar to the previous one. The results as shown in Table 10 do not change substantially, too, with the only discrepancy that now for the smaller bandwidths and for the larger horizons some performance gains of the methods with estimated d over the fixed-d method occur. 
Experiments on the optimal estimation window size
An important and often overlooked specification issue when setting up a forecasting method is the size of the estimation window, see e.g. Pesaran and Timmermann (2007) . Should all available information on the past of the series of interest be used to decrease the variance of the estimators or should only the more recent past be included to robustify the procedure against structural change? Certainly, the answer to this question depends on the characteristics of the individual variables. But as it is often implicitly assumed that a longer stretch of past data leads to better results, we performed experiments on the optimal window size on the inflation and realized volatility series used already in this paper to check this assumption. At the same time, the experiments in this section serve as a robustness check for the choice of the window size in the first two parts of this section. Moreover, the effects of using an expanding instead of a rolling estimation window are analyzed. We again employed pseudo-out-of-sample forecasting for different horizons and now also for different sizes of the rolling estimation window and for an expanding window. This enables us to compare the accuracy of forecasts obtained by using rolling windows of different sizes and an expanding window. To ensure a better comparability, we let the methods all produce forecasts for the same time period, which means that for the shorter window sizes the remaining first parts of the series, which are needed for the estimation with the longer sizes, are not used. Tables 11 and 12 contain the results for the US inflation series from the beginning of this section for the forecasting horizons h = 1 and h = 6 respectively and for rolling windows of sizes varying from 60 to 360 and an expanding window of initial size 360. For the other inflation series and other horizons the results are very similar and so we do not report them here. We now report absolute MSFEs to enable a comparison over the rows and hence a column for the FI(0.5) method is added. There are basically two ways of reading the tables: Firstly, the focus of interest can be the best forecasting performance over all methods and window sizes. Then only the results of the best method for each window size needs to be considered, which amounts to a comparison of the numbers in bold face. Secondly, when interested in the dependence of the performance of a single method on the window size one should stay in the respective column. Taking the first perspective, the forecasting performance increases strongly from a window size of 60 to a size of 120. From then on, the MSE does not change much anymore, but seems to rise slightly for the largest size of 360 and for the expanding window. Looking at the individual methods, the same pattern emerges for the FI-based methods and the autoregression. Hence, for the monthly inflation series a rolling window with a medium estimation window size between 120 and 240 seems to be a good choice, balancing out an increased estimation uncertainty for too small sizes and the vulnerability to gradual structural change for too large sizes optimally. For the realized volatility series from above we did the same analysis for rolling window sizes from 125 to 1000 and an expanding window of size 1000. We report the results for forecast horizons h = 1 and h = 5 for the initial series from above in Tables 13 and 14 , the results for other horizons and window sizes are very similar as well. Again, picking a too small window size of 125 leads to a drop in performance. From the window size 250 on the MSEs stay almost constant for increasing window sizes of the rolling window up to 1000 and are almost identical to the results when using an expanding window. Thus, for the realized volatility series it does hardly matter which window size is chosen as long as it is not to small. 
Simulation evidence
To analyze if the empirical findings from the previous section still hold when true FI processes are forecasted and if some of these findings can be better explained by systematic variations in the data generating process, we conducted a simulation study. We simulated from the FI process given in equation 3 with different values of the long memory parameter d and the three different short memory components {x t } already used in sections 3 and 4. For each instance we generated 1000 series of size T +h, held back the last h observations and used the first T observations to generate the forecasts for period T + h. We chose T ∈ {60, 300, 1500} and h ∈ {1, 3, 12}. As in the previous section we present the MSEs relative to FI(0.5) and the smallest and second smallest MSEs in each row of the tables are marked in bold face and italics respectively. Table 15 contains the results for FI(0.4) processes. The FI(0.5) method again almost uniformly outperforms the long autoregression and the exponential smoothing method. This confirms the empirical results and further makes a case for the use of true long memory models when forecasting strongly persistent time series. Additionally, as observed with the empirical POOS experiments, the predictive performance of both LAR and ES gets worse relative to FI(0.5) as the forecasting horizon increases. Unsurprisingly, adequately accounting for long memory seems to get more critical with increasing forecasting horizon. While the dynamics over a short horizon may be approximated by only a short memory component, over longer horizons the long memory component increasingly dominates the forecastable part of the process as the influence of the short memory component dies out much faster. Furthermore, as in the empirical experiments, the long autoregression clearly shows the best performance from the methods that do not employ a long memory model.
When comparing the performance of the different FI-based methods, the ones using the local Whittle estimator with different bandwidth choices to estimate the long memory parameter do not outperform the one using an a priori fixed d = 0.5 (although this is not the true d), not even for the largest sample size T = 1500. As expected, the performance of the FI(T α ) methods varies with the bandwidth and for more persistent {x t } larger bandwidths lead to better results. The smaller the sample size and the larger the persistence of {x t } gets, the worse do the FI(T α ) methods come off against FI(0.5). This can be explained by the lack of accuracy and the bias respectively that plague the local Whittle estimator under these circumstances. Regarding the influence of the forecasting horizon, exactly under these circumstances, where the estimation of d is difficult, a similar phenomenon occurs as for LAR and ES: The relative performance compared to FI(0.5) decreases with h, sometimes leading to very large losses for h = 12. This behavior is problematic as these conditions often arise in practice: Longer forecasting horizons are naturally of interest under long memory, small sizes of the estimation sample will rather be the rule than the exception, especially given the analysis at the end of the last section concerning optimal estimation window sizes, and substantive short memory dynamics may well arise. As discussed above, the long memory component becomes more and more important the longer the forecasting horizon gets. Thus, as the difficulty of disentangling long and short memory dynamics and estimating the long memory component often leads to a very wrong specification of the long memory component, the predictive performance of the FI(T α ) methods suffers. Our experiments suggest that it works better to accept a wrong value of d a priori and choose it ad hoc so that it lies at least not very far away from the dynamics usually observed in economic time series. Together with a short memory component which may somehow adapt to this, a good and robust forecasting performance can be achieved. Table 16 presents the results for simulated nonstationary long memory processes, namely FI(0.7) processes. As expected, as the true value is further away from 0.5 now, the other methods gain a little ground relative to FI(0.5). But still no large gains are possible by estimating d, the improvements under the best circumstances and the best bandwidth choice for FI(T α ) never reach 5 percent. Otherwise, no substantive changes occur compared to Table  15 . Exponential smoothing performs better than above, but is still not as good as the long autoregression.
The results from the simulation study are perfectly in line with the ones from the ones from the empirical section and additionally help to better understand them: For the inflation series we observed that the methods with estimated d showed a worse performance than the method with the fixed d = 0.5 and the performance dropped over the forecasting horizon, usually with very large losses for large horizons. As we observed an analogous behavior for series with more persistent short memory components, the inflation series seem to fit in this category. For realized volatility, the two methods show a very similar performance, with perhaps slight advantages for the methods with estimated d. Thus, the realized volatility series series do not seem to have very persistent short memory components. Furthermore, the estimation window sizes used for the realized volatility series are longer due to the higher frequency of the financial series. We conclude from the forecasting experiments with empirical and simulated series presented in the last two sections that explicitly accounting for long memory by using FI models leads to improved results. When using a FI model, fixing the parameter to d = 0.5 a priori offers a generally well-performing and simple method, which is hard to beat and could serve as a benchmark for forecasting under long memory. In some situations, slight improvements over this method are possible by using a semiparametric estimator for d, having to accept a higher downside risk.
Concluding remarks
In this paper we are concerned with the issue of forecasting strongly persistent time series. By pseudo-out-of-sample forecasting experiments on inflation and realized volatility time series and by simulations we find clear evidence that accounting explicitly for long memory by using a fractionally integrated model improves predictive performance in comparison to classical short memory competitors. We are able to explain the former mixed evidence on this issue and to present a simple and successful method for forecasting by proposing the use of a fixed-parameter FI model with d = 0.5, which overcomes the problem of the high uncertainty associated with the estimation of the long memory parameter and is nevertheless able to capture decisive long memory features.
While our results hence suggest that FI models are a useful tool in forecasting strongly persistent time series, which are widespread in economics, finance and many other fields, there seems not much too be gained by estimating d, i.e. by trying to determine the exact strength of the long memory. Further support for this is provided by our analysis of the optimal estimation window size, where we find that medium window sizes provide an optimal balance between high estimation variances and gradual structural change.
To construct proper forecasting methods from FI models, the estimation of the mean and of the long memory parameter (at least if one wants to use models with an estimated parameter or wants to study the effects of the estimation) are crucial. We investigate both and our results are of general interest outside the realm of forecasting as well. We compare the arithmetic mean and Shimotsu's and Robinson's mean estimators by a theoretical analysis, providing asymptotic theory for the latter for the first time, and by a simulation study to find that the Robinson estimator can yield efficiency gains and shows a good performance in practice. Regarding the estimation of d, we compare the Whittle estimator plus AIC, the global semiparametric Whittle and the local Whittle estimator to examine if parametric estimators plus model selection step, global or local semiparametric estimators yield more accurate results. Previous literature has already identified the members of the Whittle family as favourable. As the parametric and the global semiparametric estimator incur drastic losses compared to the local Whittle in our simulations, which we can trace back to the very bad performance of the Whittle estimator under even small amounts of misspecification, we conclude that they should be used with care and that local semiparametric estimators should usually be a better choice.
Not to go beyond the scope of this paper, we limit our analysis to a univariate framework, but we believe that many of our fundamental findings will continue to hold and be helpful in multivariate settings. Furthermore, for the fixed-d FI processes we picked the value d = 0.5 at the beginning of our analysis and do not report results for alternative choices, withstanding the statistician's immanent desire to optimize parameter values (after just having overcome the estimation problem). Nevertheless, it is certainly possible to go in this direction and to develop methods for the selection of the value of d based on predictive performance. Baillie et al. (2014) for example do a similar thing and pick the bandwith for semiparametric estimation of d by cross-validation. Further, it seems natural to combine forecasts from different FI specifications in order to robustify against model misspecification, see e.g. Timmermann (2006) on forecast combination. In all of these directions there is certainly room for future research.
With r t+h = r t + t+h−1 j=t π j (d) we obtain
where b h and b T are defined implicitly. Note that π 0 (d) = 1 and π j (d) is negative and monotonically increasing for j > 0. Consequently, the sequence {b h } is positive and monotonically increasing, while b T diverges according to the previous step. Hence,
by what is sometimes called Kronecker's Lemma. It follows that
Hence, the proof is complete.
